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1 Introduction29
A wind turbine in the atmospheric boundary layer (ABL) is exposed to tur-30
bulent flow that is strongly influenced by the different thermal stratifications31
occurring throughout a full diurnal cycle. The impact of ABL turbulence on32
the wake of a wind turbine is far-reaching. It affects the streamwise wake exten-33
sion as well as the velocity deficit and the turbulence in the wake, which have34
a strong influence on power production, fatigue loading, and on the life ex-35
pectancy of a wind turbine (e.g. Wharton and Lundquist, 2012; Vanderwende36
and Lundquist, 2012; Sathe et al., 2013; Do¨renka¨mper et al., 2015).37
Numerical simulations of diurnal-cycle-driven atmospheric flow through a38
wind turbine are necessary for a more detailed understanding of the wind-39
turbine-wake behaviour over the course of a day. This is essential as basis for40
increasing the power production of a wind turbine and to reduce the fatigue41
loading.42
The influence of turbulence on the wake structure has been investigated in43
experimental (Medici and Alfredsson, 2006; Chamorro and Porte´-Agel, 2009;44
Zhang et al., 2012) and numerical studies (Troldborg et al., 2007; Naughton45
et al., 2011; Wu and Porte´-Agel, 2012; Witha et al., 2014; Englberger and46
Do¨rnbrack, 2017a,b): A more rapid wake recovery exists for incoming flow47
with higher turbulence intensity.48
In numerical simulations there are various methods for generating and49
ensuring the turbulent flow field upstream of the wind turbine; in Mann (1994)50
a simple method was proposed, offering a synthetic turbulence field that is51
not based on a physical model (Naughton et al., 2011). This method has been52
applied in other studies, such as Troldborg et al. (2007). Mesoscale models53
apply nesting with one-way or two-way coupling to provide turbulent inflow54
in the microscale models (Mirocha et al., 2013; Mun˜oz-Esparza et al., 2014). An55
alternative approach is to use the data of a precursor simulation to simulate the56
flow around a wind turbine with periodic (Wu and Porte´-Agel, 2012) or open57
(Naughton et al., 2011; Witha et al., 2014; Englberger and Do¨rnbrack, 2017a,b)58
boundary conditions in the streamwise direction. In each case, a large-eddy59
simulation (LES) is required that resolves the scales of turbulence relevant60
for the flow through the wind turbine. The generation of realistic turbulent61
inflow conditions is necessary to develop appropriate wind-farm set-ups that62
maximize power production and minimize fatigue loading on the turbines.63
However, there are different numerical restrictions that have to be consid-64
ered when applying a precursor LES in a wind-turbine simulation performed65
with open streamwise boundary conditions. The simulation of the flow around66
a wind turbine has to be fed continuously with turbulence data from the67
precursor simulation to ensure a fully-developed turbulent flow field. Continu-68
ous data input can be avoided by applying the turbulence preserving method69
as a parametrization of the turbulent inflow, as proposed by Englberger and70
Do¨rnbrack (2017a). This parametrization uses only one selected timestep from71
the precursor simulation when the flow is in equilibrium. In this way, the72
computational costs and the required memory for the simulation are greatly73
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reduced. The turbulence preserving method from Englberger and Do¨rnbrack74
(2017a), however, is only valid for neutral stratification.75
Buoyancy due to thermal stratification is one of the dominant mechanisms76
of production and suppression of atmospheric turbulence. The diurnal varia-77
tion of the ABL is the result of external forcings such as varying surface heat78
fluxes, represented by heating during the day and cooling at night. These di-79
urnal variations result in convection during the day and stable stratification80
at night (Stull, 1988), with the morning transition and the evening transition81
representing the corresponding transitional periods, that are defined following82
Grimsdell and Angevine (2002) as the time period in which the sensible heat83
flux changes sign. The morning ABL and the evening ABL include the atmo-84
spheric situation approximately half an hour before and after these transitions.85
These different atmospheric stratifications affect the turbulence intensity,86
that in turn influences the wake structure. The response of the wind-turbine87
wake has been investigated in LES considering a stable ABL (Aitken et al.,88
2014; Abkar and Porte´-Agel, 2014; Bhaganagar and Debnath, 2014, 2015;89
Abkar et al., 2016; Englberger and Do¨rnbrack, 2017b), a convective ABL90
(Mirocha et al., 2014; Abkar and Porte´-Agel, 2014; Abkar et al., 2016; En-91
glberger and Do¨rnbrack, 2017b), a neutral ABL (Abkar and Porte´-Agel, 2014;92
Englberger and Do¨rnbrack, 2017a), the situation before and after the evening93
transition (Lee and Lundquist, 2017), as well as an evening ABL or a morn-94
ing ABL (Englberger and Do¨rnbrack, 2017b). All investigations show a higher95
(weaker) turbulence intensity in the convective (stable) case, corresponding96
to a more (less) rapid wake recovery and a smaller (larger) velocity deficit97
during the day (night). The wake characteristics of the transitional periods98
(evening ABL, morning ABL) are mainly influenced by the respective flow99
regime (convective ABL, stable ABL) prior to the transition.100
Therefore, numerical simulations of the complete diurnal cycle are required101
to produce realistic wake structures for the convective ABL, the stable ABL,102
the evening ABL, and the morning ABL. A diurnal-cycle simulation, repre-103
senting all of these states, is published in Englberger and Do¨rnbrack (2017b).104
These diurnal-cycle simulations, however, are computationally very expensive105
and to minimize the computational costs we expand the turbulence preserv-106
ing method from Englberger and Do¨rnbrack (2017a) towards a parametriza-107
tion that is applicable for different atmospheric stratifications by combining108
it with the diurnal-cycle precursor simulation from Englberger and Do¨rnbrack109
(2017b). Furthermore, we test different levels of accuracy for the assumptions110
made by the parametrization to reduce the costs of the computationally very111
expensive precursor diurnal-cycle simulation.112
The outline of the paper is as follows: the LES model, the wind-turbine113
parametrization, and the wind-turbine characteristics are presented in Sect. 2.114
The background wind profiles for different thermal stratifications are formu-115
lated in Sect. 3 and the parametrization of a stratification-dependent turbulent116
inflow condition in Sect. 4. The numerical experiments and the results follow117
in Sect. 5 and Sect. 6, while Conclusions are given in Sect. 7. Detailed deriva-118
tions applied in Sect. 3 and Sect. 4 are given in the Appendices.119
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2 Numerical model framework120
2.1 Numerical model EULAG121
The incompressible, turbulent, and dry flow through a wind turbine is simu-122
lated with the multiscale geophysical flow solver EULAG (Prusa et al., 2008;123
Englberger and Do¨rnbrack, 2017a), which refers to the ability of solving the124
equations of motions either in an EUlerian (flux form) (Smolarkiewicz and125
Margolin, 1993) or in a semi-LAGrangian (advective form) (Smolarkiewicz126
and Pudykiewicz, 1992) mode. The geophysical flow solver EULAG is at least127
second-order accurate in time and space (Smolarkiewicz and Margolin, 1998).128
Furthermore, it is well suited for massively-parallel computations (Prusa et al.,129
2008) and can be run in parallel up to a domain decomposition in three di-130
mensions. A comprehensive description and discussion of the geophysical flow131
solver EULAG is given in Smolarkiewicz and Margolin (1998) and Prusa et al.132
(2008).133
The Boussinesq equations are solved for the Cartesian velocity components134
v = (u, v,w) and for the potential temperature perturbationsΘ
′
=Θ−Θe (Smo-135
larkiewicz et al., 2007),136
dv
dt
= −G∇
(
p
′
ρ0
)
+ g
Θ
′
Θ0
+ V + M + FWT
ρ0
, (1)
dΘ
′
dt
= H, (2)
∇ · (ρ0v) = 0, (3)
for a flow with constant density ρ0 = 1.1 kg m
−3 and a constant reference value137
of the potential temperature Θ0 = 301 K. Height dependent states ψe(z) =138
(ue(z), ve(z),we(z),Θe(z)) enter Eqs. 1 - 3 in the buoyancy term and as bound-139
ary conditions. These background states correspond to the ambient or envi-140
ronmental states. Initial conditions are provided for u, v, w, and the potential141
temperature perturbation Θ
′
. In the following, ψ= (u, v,w,Θ
′
) shall denote142
the prognostic variables analyzed from the EULAG simulations in Sect. 5. In143
Eqs. 1, 2, and 3, d/dt, ∇, and ∇ · represent the total derivative, the gradi-144
ent and the divergence, respectively. The factor G represents geometric terms145
resulting from the general, time-dependent coordinate transformation (Wedi146
and Smolarkiewicz, 2004; Smolarkiewicz and Prusa, 2005; Prusa et al., 2008;147
Ku¨hnlein et al., 2012), p
′
represents the pressure perturbation with respect to148
the environmental state, and g is the vector of the acceleration due to gravity.149
The subgrid-scale terms V and H symbolise viscous dissipation of momentum150
and diffusion of heat and M denotes the inertial forces of coordinate-dependent151
metric accelerations. FWT corresponds to the turbine-induced force, imple-152
mented with the blade element momentum method as rotating actuator disc153
in the simulations (Englberger and Do¨rnbrack, 2017a). All the following simu-154
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lations are performed with a turbulent kinetic energy (TKE) closure (Schmidt155
and Schumann, 1989; Margolin et al., 1999).156
In general, the geophysical flow solver EULAG owes its versatility to a157
unique design that combines a rigorous theoretical formulation in generalized158
curvilinear coordinates (Smolarkiewicz and Prusa, 2005) with non-oscillatory159
forward-in-time differencing for fluids built on the multi-dimensional positive160
definite advection transport algorithm, which is based on the convexity of161
upwind advection (Smolarkiewicz and Margolin, 1998; Prusa et al., 2008) and162
a robust, exact-projection type, elliptic Krylov solver (Prusa et al., 2008).163
The flow solver has been applied to a wide range of scales simulating various164
problems like turbulence (Smolarkiewicz and Prusa, 2002), flow past complex165
or moving boundaries (Wedi and Smolarkiewicz, 2006; Ku¨hnlein et al., 2012),166
gravity waves (Smolarkiewicz and Do¨rnbrack, 2008; Doyle et al., 2011) or even167
solar convection (Smolarkiewicz and Charbonneau, 2013).168
2.2 Wind-turbine simulations169
Three different simulation types, investigating the flow around a wind tur-170
bine are performed in our study: benchmark, reference, and parametrization171
wind-turbine simulations. A detailed description follows in Sect. 5. All wind-172
turbine simulations are performed for different stratifications lasting 1 h, with173
a horizontal resolution of 5 m and a vertical resolution of 5 m in the lowest174
200 m and 10 m above. The benchmark wind-turbine simulations are per-175
formed on 512 × 512 × 64 grid points with open streamwise and periodic176
spanwise boundary conditions. The reference and the parametrization wind-177
turbine simulations are performed on on 512 × 64 × 64 grid points with178
open horizontal boundary conditions. In all wind-turbine simulations, no sur-179
face fluxes are applied. The rotor of the wind turbine is located at 300 m in180
x− direction and centred in y− direction of the corresponding domain with a181
diameter D of 100 m and a hub height zh of 100 m. The axial Fx and tangential182
FΘ turbine-induced forces (FWT = Fx + FΘ) in Eq. 1 are parameterized with183
the blade element momentum method as rotating actuator disc with a nacelle,184
covering 20 % of the blades. The forces account for different wind speeds and185
local blade characteristics and are parameterized with the airfoil data from186
the 10 MW reference wind turbine from DTU (Technical University of Den-187
mark) (Mark Zagar (Vestas), personal communication), whereas the radius of188
the rotor as well as the chord length of the blades are scaled to a rotor with189
a diameter of 100 m. A detailed description of the wind-turbine parametriza-190
tion and the applied smearing of the forces, as well as all values used in the191
wind-turbine parametrization are given in Englberger and Do¨rnbrack (2017a,192
parametrization B).193
2.3 Wind-turbine characteristics194
The wind-turbine wake is characterized by the following diagnostic quantities:195
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– The spatial distribution of the streamwise velocity component ui,j,k, the196
streamwise velocity ratio197
V Ri,j,k ≡ ui,j,k
u1,j,k
, (4)
and the streamwise velocity deficit198
V Di,j,k ≡ u1,j,k − ui,j,k
u1,j,k
, (5)
as they are related to the power loss of a wind turbine. The indices of the199
grid points are denoted by i= 1 . . . n, j= 1 . . . m, and k= 1 . . . l in the x,200
y, and z directions, respectively. The upstream velocity u1,j,k is taken at201
the first upstream grid point in the x−direction and the corresponding y202
and z coordinates.203
– The total turbulent intensity204
Ii,j,k =
1
3
√
σ2ui,j,k + σ
2
vi,j,k
+ σ2wi,j,k
ui,j,kh
, (6)
with σui,j,k =
√
u
′2
i,j,k, σvi,j,k =
√
v
′2
i,j,k, and σwi,j,k =
√
w
′2
i,j,k, as well as205
u
′
i,j,k = ui,j,k − ui,j,k, v
′
i,j,k = vi,j,k − vi,j,k, and w
′
i,j,k = wi,j,k − wi,j,k, as206
it affects the flow-induced dynamic loads on downwind turbines.207
We perform all wind-turbine simulations for 60 min, a period long enough208
for the wake to reach an equilibrium state with statistical convergence of the209
results. The mean values are averaged over the last 50 min. The temporal210
average Ψx,y,z of a quantity Ψ for a time period t is calculated online in the211
numerical model and updated at every timestep according to the method of212
Fro¨hlich (2006, Eq. 9.1). Further, in the x−z plane, the indices j0 corresponds213
to the centre of the domain in y−direction, whereas in the x − y plane, kh214
corresponds to the hub height zh.215
Generally, the numerical simulation results are plotted in the following in216
dimensionless coordinates as a function of the rotor diameter D. The contour217
of the actuator in the cross-sections represents the transition to a wind-turbine218
force of zero. Furthermore, only a section of the complete computational do-219
main is shown in most of the following plots.220
3 Background wind profiles for different thermal stratifications221
For the derivation of the background wind profiles from LES for different ther-222
mal stratifications, two different precursor simulations are needed, a neutral223
ABL and a diurnal-cycle simulation. We apply the neutral ABL simulation224
from Englberger and Do¨rnbrack (2017a) and the diurnal-cycle simulation from225
Englberger and Do¨rnbrack (2017b). An overview of the numerical set-ups and226
the wind-field characteristics of both simulations is given in Appendix 1.227
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From these precursor simulations, two different background wind fields for228
ue and ve (dashed lines in Fig. 1) can be extracted for the proposed parame-229
trization:230
– A daytime representation231
ue(z) =
u∗
κ
ln(
z
z0
) (7)
for the convective ABL and the evening ABL profiles with a friction ve-232
locity u∗ = 0.35 m s−1, a von Ka´rma´n constant κ= 0.4, a roughness length233
z0 = 0.001 m, and the meridional background wind profile ve(z) = 0.234
– A night-time representation of the zonal and meridional wind profiles for235
the stable ABL and the morning ABL can be expressed by236
ue(z) = ug
(
1− exp
(
−z
√
f/K0√
2
)
cos
(
z
√
f/K0√
2
))
, (8)
ve(z) = ug exp
(
−z
√
f/K0√
2
)
sin
(
z
√
f/K0√
2
)
, (9)
for an initialization time t= 0, a Coriolis parameter f = 1.0× 10−4 s−1,237
geostrophic wind components ug = 10 m s
−1, and vg = 0, and an eddy vis-238
cosity coefficient K0 = 0.06 m
2 s−1 according to Shapiro and Fedorovich239
(2010, Eqs. 36 and 37).240
The vertical background wind profiles we are set to zero for both the daytime241
and night-time representations.242
4 Parametrization of a stratification-dependent turbulent inflow243
condition244
The general idea of the turbulence preserving method is to sustain the back-245
ground turbulence in an LES with open horizontal boundary conditions of a246
flow through a wind turbine by a numerically simple parametrization of the im-247
posed turbulent fluctuations. The original version of the turbulence preserving248
method (Englberger and Do¨rnbrack, 2017a) is only applicable under neutral249
atmospheric conditions. To extend it for different atmospheric stratifications,250
we propose a modification. A detailed description of the original version of the251
turbulence preserving method as well as the necessary modifications to make252
it applicable for different atmospheric stratifications are given in Appendix 2,253
in the following, we focus on the modified turbulence preserving method.254
The modified version of the turbulence preserving method is described by:255
u∗p
∣∣ξ
i=1,j,k
= α0αi∗,j,k
up∣∣i∗,j,k − 1nm
n∑
i=1
m∑
j=1
up
∣∣
i,j,k

︸ ︷︷ ︸
I
. (10)
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Fig. 1 Vertical profiles of the horizontal average of the background profiles ue in (a) and
ve in (b) for the neutral ABL (NBL), the convective ABL (CBL), the evening ABL (EBL),
the stable ABL (SBL), and the morning ABL (MBL) precursor simulation. The applied fits
for the day and the night are plotted as dashed lines. The hub height (100 m; black solid
line), the top tip (150 m; black dashed line) and the bottom tip (50 m; black dotted line)
region of a wind turbine with D= 100 m and zh = 100 m are highlighted by horizontal lines.
In Eq. 10, α0 is an adjustable value, and can be set to 1 in general applica-256
tions of the parametrization. The stratification-dependent weighting parame-257
ters αi∗,j,k account for different atmospheric conditions and are explained in258
more detail in the following. The star refers to a streamwise direction shift259
by one grid point every timestep ξ, symbolized by i∗ = i + ξ∗, with i∗ ∈ [1, n]260
and ξ∗ representing the number of timesteps since the start of the simulation.261
Further, I represents the magnitude of the velocity perturbations. All other262
indices are explained in detail in Appendix 2.263
The idea of this parametrization is to apply the wind field up of an equi-264
librium state of the neutral ABL precursor simulation in I and include the265
turbulent flow characteristics of different stratifications via αi∗,j,k. The most266
accurate representation of the turbulence structure would be the synchronized267
use of the three wind fields u(x,y,z), v(x,y,z), and w(x,y,z) of the diurnal-268
cycle precursor simulation, a computationally extremely expensive approach.269
u(x,y,z), v(x,y,z), and w(x,y,z) are equivalent to the discrete representation270
ui,j,k, vi,j,k, and wi,j,k in the numerical model.271
We therefore apply as first simplification three 3D matrices of the wind272
components u, v, and w of the diurnal cycle at a certain time as function set273
A for αi∗,j,k. This, however, requires the knowledge of three wind fields of the274
neutral ABL precursor simulation and three wind fields for each atmospheric275
state of the diurnal-cycle precursor simulation, resulting in the necessity of276
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performing the computational extremely expensive diurnal-cycle simulation277
as precursor simulation.278
Therefore, we propose as further simplification and function set B the use of279
three vertical 1D vectors of u, v, and w, which are representative for the differ-280
ent atmospheric states. This is motivated by two reasons: Firstly, the vertical281
structure of u, v, and w (Figs. 1 and 11) is much more distinct in comparison282
to the horizontal. Secondly, the effects of major changes for different situations283
(e.g. heterogeneous surface, more convective / stable situation (higher / lower284
surface heat flux in precursor simulation)) can be estimated from the three285
vertical profiles resulting from the diurnal cycle for each stratifications.286
To completely eliminate the need of a detailed knowledge of u, v, and w of287
a diurnal-cycle simulation, we propose as extreme simplification and function288
set C the use of only a scalar for u, v, and w, respectively, for each atmo-289
spheric stratification. The values should refer to a height that is covered by290
the blades of the wind turbine. Therefore, this function set only requires the291
three wind fields of the neutral ABL precursor simulation for I, which makes292
it to a simple, numerically efficient, and computationally fast LES approach293
to represent wind-turbine wakes.294
For the stratification-dependent weighting parameter αi∗,j,k, the derivation295
of the three applied function sets representing different levels of accuracy are296
explained in detail in the flowing.297
A: αi∗,j,k corresponds to three 3D matrices for each wind component, resulting298
in:299
αi∗,j,k =
1
3
(uαi∗ + uαj + uαk), (11)
defined as300
uα∗i ≡
max(udci,1:m,1:l)−min(udci,1:m,1:l)
max(uNBLi,1:m,1:l)−min(uNBLi,1:m,1:l)
, (12)
uαj ≡
max(udc1:n,j,1:l)−min(udc1:n,j,1:l)
max(uNBL1:n,j,1:l)−min(uNBL1:n,j,1:l)
, (13)
uαk ≡
max(udc1:n,1:m,k)−min(udc1:n,1:m,k)
max(uNBL1:n,1:m,k)−min(uNBL1:n,1:m,k)
. (14)
Here, udci,j,k are the corresponding 3D wind fields of the convective ABL,301
the evening ABL, the stable ABL, or the morning ABL, extracted from the302
diurnal-cycle precursor simulation, whereas uNBLi,j,k corresponds to the303
equilibrium state of the neutral ABL precursor simulation. The differences304
in the numerator as well as in the denominator correspond to the maximum305
of the fluctuations occurring in the corresponding atmospheric state. The306
maximum of the fluctuations of the neutral ABL state is used as suitable307
normalization. This is motivated by the term I in Eq. 10, which is also308
derived from the neutral ABL simulation. Therefore, the three 1D vectors309
in Eqs. 12 - 14 include the spatial structure and the normalized turbulence.310
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B: αi∗,j,k corresponds to three vertical 1D vectors for the three wind compo-311
nents, resulting in:312
αi∗,j,k = uαk (15)
C: One value for all three wind components, valid at all grid points, resulting313
in αu, αv, and αw. The values are an approximation of the values of uαk(z)314
taken at 100 m, which corresponds to the hub height of a common wind315
turbine.316
The vertical profiles of αi∗,j,k for different thermal stratifications for func-317
tion set type B are shown in Fig. 2 together with the horizontally averaged318
fluctuations of u, v, and w for the neutral ABL, the convective ABL, the319
evening ABL, the stable ABL, and the morning ABL, respectively. The fluc-320
tuations contribute to the nominator as well as to the denominator of Eq. 14.321
They are very small for the stable ABL and the morning ABL, increase in322
the evening ABL, and are largest in the convective ABL. More precisely, they323
increase by a factor of eight from the stable ABL and the morning ABL to the324
evening ABL and by a factor of three from the evening ABL to the convective325
ABL. The magnitudes of neutral ABL fluctuations correspond most closely to326
the evening ABL values for all three wind components. Therefore, the values327
of uαk , vαk , and wαk in Fig. 2 are roughly one in the evening ABL, represent-328
ing the transitional state. During the day (night), they are larger ( smaller) in329
comparison to the transitional state, resulting from a larger (smaller) numer-330
ator in comparison to the denominator in Eq. 14. Further, the values αu, αv,331
and αw of function set type C result from uαk , vαk , and wαk of function set332
type B at hub height of 100 m. They are listed in Table 1 for all three regimes.333
Due to this same-sized fluctuations and stratification-dependent weighting334
values of function set type B in the stable ABL and in the morning ABL all335
wind-turbine-simulation characteristics are also rather similar for the stable336
ABL and the morning ABL and are, therefore, only discussed for the stable337
ABL case in the following.338
Therefore, we classify the following wind-turbine simulations herein into339
three regimes with two different background wind fields (Table 1):340
– A daytime state, which is prescribed by a logarithmic background wind341
profile (Eq. 7) with relatively large wind fluctuations.342
– A night-time state, which is prescribed by a background wind profile with343
a wind direction change with height (Eqs. 8 and 9) and very small wind344
fluctuations.345
– A transition between the daytime and the night-time states, which is pre-346
scribed by the same logarithmic background wind profile (Eq. 7) as the347
daytime situation, however, characterized by smaller (larger) wind fluctu-348
ations in comparison to the day (night).349
The parametrization proposed herein is tested in the following wind-turbine350
simulations for these three regimes.351
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Fig. 2 Vertical profiles of the maximum of the difference of u in (a), v in (b), and w in
(c), calculated as max(uNBL1:n,1:m,k ) − min(uNBL1:n,1:m,k ) for the neutral ABL (NBL)
and max(udc1:n,1:m,k )−min(udc1:n,1:m,k ) for the convective ABL (CBL), the evening ABL
(EBL), the stable ABL (SBL), and the morning ABL (MBL) situations, respectively. Vertical
profiles of αi∗,j,k are presented for uαk in (d), vαk in (e), and wαk in (f) of type B calculated
with Eq. 14 for the convective ABL, the evening ABL, the stable ABL, and the morning
ABL situation.
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Table 1 List of the applied background wind profiles ue, ve, and we as well as the values αu,
αv , and αw, used for the wind-turbine simulations representing the daytime, the transition,
and the night-time situation.
state day transition night
ue(z)
u∗
κ
ln( z
z0
) u∗
κ
ln( z
z0
) ug
(
1− exp
(
− z
√
f/K0√
2
)
cos
(
z
√
f/K0√
2
))
ve(z) 0 0 ug exp
(
− z
√
f/K0√
2
)
sin
(
z
√
f/K0√
2
)
we(z) 0 0 0
αu 2.5 0.6 0.15
αv 2.8 1.0 0.24
αw 2.5 0.9 0.13
5 Numerical Experiments352
Three different types of wind-turbine simulations are investigated, the bench-353
mark, the reference, and the parametrization wind-turbine simulations. The354
schematic illustration in Fig. 3 shows their dependencies on the input condi-355
tions provided by the neutral ABL and the diurnal-cycle precursor simulations356
and the applied parametrization.357
A benchmark wind-turbine simulation (Fig. 3, green) applies the back-358
ground conditions ψe = (ue, ve,we,Θe) of the corresponding diurnal-cycle state359
and 2D slices of the temporal evolution of ψ (ψj,k(t)) at each timestep.360
Contrary to the benchmark wind-turbine simulations, the reference and361
the parametrization wind-turbine simulations consider the temporal fluctua-362
tions only in the wind field. No potential temperature deviations from the363
prescribed background profile Θe(z) = 300 K are considered during the 1-h364
wind-turbine simulations, resulting in ψ˜= (u, v,w) and ψ˜e = (ue, ve,we) in-365
stead of ψ= (u, v,w,Θ
′
) and ψe = (ue, ve,we,Θe).366
A reference wind-turbine simulation (Fig. 3, red) applies a simplified ver-367
sion of our proposed parametrization. The wind profiles ψ˜dc of the correspond-368
ing state of the diurnal cycle are the basis for the daytime and the night-time369
fits of the background wind profiles ψ˜e (Fig. 1, dashed lines). Further, the370
stratification dependent weighting parameter αi∗,j,k in Eq. 10 is set to 1 and371
the turbulent fluctuations of u, v, and w in I (Eq. 10) are extracted directly372
from the corresponding diurnal-cycle state, resulting in 2D slices of ψ˜ (ψ˜j,k(t)).373
Together with the background wind profiles ψ˜e, the parametrization can be374
applied, driving the reference wind-turbine simulations.375
A parametrization wind-turbine simulation (Fig. 3, blue) applies the same376
background wind profiles in the parametrization as in the reference wind-377
turbine simulation. However, the wind profiles ψ˜ of the diurnal-cycle precursor378
simulation (ψ˜dc) as well as of the neutral ABL precursor simulation (ψ˜NBL) are379
used for the calculation of the stratification dependent weighting parameter380
αi∗,j,k. Further, the wind profiles of the neutral ABL precursor simulations381
ψ˜NBL are applied in the calculation of the turbulent fluctuations of u, v,382
and w in I in Eq. 10. The arising 2D slices of ψ (ψ˜j,k(t)) in combination383
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Fig. 3 Schematic of benchmark, reference, and parametrization wind-turbine simulations
input, with ψ= (u, v,w,Θ
′
), ψe = (ue, ve,we,Θe), ψ˜= (u, v,w), and ψ˜e = (ue, ve,we).
with the background wind profiles ψ˜e allow the application of the proposed384
parametrization in the parametrization wind-turbine simulations.385
The main characteristics of these three types of wind-turbine simulations386
are summarized in Table 2 and a more detailed description is given in the387
following:388
5.1 Benchmark wind-turbine simulations389
The benchmark wind-turbine simulations correspond to the synchronized diurnal-390
cycle wind-turbine simulations over homogeneous surface in Englberger and391
Do¨rnbrack (2017b). The convective ABL, the evening ABL, and the stable392
ABL wind-turbine simulations are used as representatives for the daytime,393
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Table 2 Summary of the main characteristics of the performed wind-turbine simulations.
The subscript I corresponds to Eq. 10 and CBL (EBL, SBL, NBL) to the convective (evening,
stable, neutral) ABL.
wind-turbine simulation type benchmark reference parametrization
parametrization no yes yes
precursor simulation for I CBL, EBL, SBL CBL, EBL, SBL NBL
coupling synchronized 12 h, 18 h, 24 h equilibrium
method diurnal-cycle state diurnal-cycle state NBL state
the transition, and the night-time regime. For the synchronized coupling be-394
tween the diurnal-cycle precursor simulation and the wind-turbine simulations,395
the background fields ψe(t) = (ue(t), ve(t),we(t),Θe(t)) with ue(t) =< u(t)>z,396
ve(t) =< v(t)>z,397
we(t) =< w(t) >z, and Θe(t) =Θe(t= 0 h) +< Θ
′
(t)>z, the initial fields,398
and the inflow data of all prognostic variables ψ(t) = (u(t), v(t),w(t),Θ
′
(t))399
are taken from the idealized diurnal-cycle precursor simulation after t= 12 h400
for the convective ABL, t= 18 h for the evening acABL, and t= 24 h for the401
stable ABL regime. Here, t= 12 h, 18 h, and 24 h can be considered as 1200,402
1800, 2400 local time. The horizontal averages of the initial conditions are403
taken as background profiles, as denoted by <>z. Due to the open streamwise404
boundary condition, the wind-turbine simulation has to be fed continuously405
with inflow data from the idealized diurnal-cycle precursor simulation. The in-406
flow data are taken as 2D y−z slices ψj,k(t) at i= n of ψ from the diurnal-cycle407
simulation at each timestep for 1-h time intervals from t= 12 h to 13 h for the408
convective ABL, from t= 18 h to 19 h for the evening ABL, and from t= 24 h409
to 25 h for the stable ABL, to ensure synchronized wind-turbine simulations.410
In the corresponding synchronized timestep of the benchmark wind-turbine si-411
mulation, ψj,k (t) represents the upstream values of ψ at i= 1. This approach412
is described in more detail in Englberger and Do¨rnbrack (2017b).413
Only the spanwise position j of the diurnal-cycle precursor simulation414
(ψ(t)j1≤j≤j2), which interacts with the wind turbine, differs in the benchmark415
wind-turbine simulations performed in the scope of this paper (j1 = 22; j2 = 42)416
from those in Englberger and Do¨rnbrack (2017b, Figs. 3 and 4) (j1 = 246;417
j2 = 266). This difference is related to the use of another lateral sector j1 ≤ j ≤418
j2 of the diurnal-cycle precursor simulation, which is applied in the correspond-419
ing wind-turbine simulation. Both benchmark wind-turbine simulations (here420
and in Englberger and Do¨rnbrack (2017b)) are performed on 512 spanwise grid421
points with periodic spanwise boundary conditions. In the wind-turbine simu-422
lations of Englberger and Do¨rnbrack (2017b), the wind turbine is located in the423
lateral domain centre (m= 512), whereas in the benchmark wind-turbine sim-424
ulations presented herein, the wind turbine is located at j= 32, corresponding425
to the domain centre in the following parametrization and reference wind-426
turbine simulations, which are performed on 64 grid points in spanwise direc-427
tion with open spanwise boundary conditions. The resulting deviations of the428
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wake deflection and the entrainment rate between these two types of bench-429
mark wind-turbine simulations are negligibly small.430
5.2 Parametrization wind-turbine simulations431
The wind-turbine simulations performed with the proposed parametrization432
for the daytime, the transitional, and the night-time situation, are referred to433
hereafter as parametrization wind-turbine simulations of type A, B, and C.434
They correspond to the three sets of functions A, B, and C for αi∗,j,k (Eq. 11).435
A fit to the horizontal average of the atmospheric state of the wind in the436
diurnal-cycle precursor simulation ψ˜(t) = (u(t), v(t),w(t)) is applied for the437
background wind profiles ψ˜e(t) = (ue(t), ve(t),we(t)), as explained in Sect. 3.438
The convective ABL regime at t= 12 h and the evening ABL regime at t= 18 h439
are approximated by a logarithmic zonal background wind profile (Eq. 7) and440
no meridional and vertical background wind. For the stable ABL, the atmo-441
spheric state after t= 24 h is considered to be best described by a wind direc-442
tion change with height of the horizontal background wind profiles (Eqs. 8 and443
9). All applied wind profiles that contribute to the parametrization, are listed444
in Table 1. In addition to the background wind profiles, Θe(z) = 300 K at all445
times and in all heights. In contrast to the benchmark wind-turbine simula-446
tions, no inflow data of the prognostic variables ψ(t) = (u(t), v(t),w(t),Θ
′
(t))447
are applied as 2D y−z slices at each timestep, instead, ψ˜i=1,j,k(t) = u∗p
∣∣ξ
i=1,j,k
448
is modified by the use of the modified turbulence preserving method following449
Eq. 10, as explained in Sect. 4. This implies a consideration of the fluctua-450
tions only in the wind field, no potential temperature deviations from Θe are451
considered during the 1 h wind-turbine simulation.452
Further, the stratification-dependent weightings αi∗,j,k are calculated by453
the use of ψ˜NBL of the neutral ABL precursor simulation and ψ˜dc of the454
corresponding regimes of the diurnal-cycle precursor simulation as three 3D455
matrices for parametrization type A, three 1D vectors for parametrization456
type B, or three values for parametrization type C. Here again, the t= 12 h457
(18 h, 24 h) regime is used for the daytime (transition, night-time) situation458
in Eqs. 12 - 14.459
The resulting stratification-dependent weightings αi∗,j,k and the wind con-460
ditions ψ˜NBL of the neutral ABL equilibrium state contribute to the calcula-461
tion of the stratification-dependent turbulent inflow in Eq. 10 with α0 = 0.5.462
The value of α0 will be motivated later on.463
5.3 Reference wind-turbine simulation464
The parametrization wind-turbine simulations combine ψ˜dc and ψ˜NBL for the465
calculation of the stratification-dependent weightings αi∗,j,k and further apply466
ψ˜NBL in the modified version of the turbulence preserving method in Eq. 10.467
The contribution of ψ˜NBL in combination with αi∗,j,k is the general idea of our468
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parametrization wind-turbine simulations. In contrast, the benchmark wind-469
turbine simulations consider ψj,k(t) of the diurnal-cycle precursor simulation470
without applying the parametrization. Therefore, to examine the applicability471
of ψ˜NBL and αi∗,j,k in the parametrization wind-turbine simulations, there472
is a need for an additional type of simulations, the reference wind-turbine473
simulations.474
The reference wind-turbine simulations apply the parametrization as shown475
in Fig. 3. Instead of including the neutral ABL precursor simulation in the476
calculation of the stratification-dependent weightings αi∗,j,k and in the modi-477
fied version of the turbulence preserving method in Eq. 10, the stratification-478
dependent inflow uses ψ˜dc in the turbulence preserving method together with479
a stratification-dependent weighting of 1 and α0 = 0.5. The value of α0 corre-480
sponds to the parametrization wind-turbine simulations.481
These reference wind-turbine simulations serve as simplification of the482
benchmark wind-turbine simulations with the following limitations: They con-483
sider only one time of the diurnal-cycle precursor simulation (t= 12 h for the484
day, t= 18 h for the transition, t= 24 h for the night) instead of the 1 h evo-485
lution of the atmospheric state (t= 12 h - 13 h for the day, t= 18 h - 19 h for486
the transition, t= 24 h - 25 h for the night). Further, they do not include Θ
′
,487
resulting in ψ˜(t) instead of ψ(t). In addition, the background wind profiles are488
not the horizontal averages of the diurnal-cycle precursor simulation. Instead,489
the approximated profiles from Table 1 and Fig. 1 are applied. The Θe profile is490
constant with height at 300 K. Further, the reference wind-turbine simulations491
are more complex in comparison to the parametrization wind-turbine simula-492
tions, as they directly consider a specific time of the 3D u, v, and w fields of493
the precursor simulation, which is the most accurate representation of the tur-494
bulence structure, as explained in detail in Sect. 4. Therefore, they require the495
diurnal-cycle precursor simulation. Considering these modifications, the ref-496
erence wind-turbine simulations represent an intermediate step between the497
benchmark wind-turbine simulations and the parametrization wind-turbine498
simulations.499
5.4 Additional remarks on the simulations500
In the following, two specific remarks on the numerical experiments are given:501
– The parametrization and the reference wind-turbine simulations, both per-502
formed with the stratification-dependent turbulent inflow from Eq. 10, are503
implemented with α0 = 0.5, as stated before. This value results in a slightly504
less (more) rapid wake recovery of the reference wind-turbine simulation505
in comparison to the benchmark wind-turbine simulation of the convective506
ABL (stable ABL). The best fit of the reference wind-turbine simulation507
with the benchmark wind-turbine simulation is achieved for α0 = 0.7 in the508
convective ABL, for α0 = 0.5 in the evening ABL, and for α0 = 0.3 in the509
stable ABL. Taking this into account, the following reference wind-turbine510
simulations and the parametrization wind-turbine simulations of type A,511
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B, and C are performed with α0 = 0.5, as this value results on average512
over all three regimes in the best fit of the wake structure of the reference513
wind-turbine simulation with the corresponding benchmark wind-turbine514
simulation.515
– Daytime parametrization wind-turbine simulations of type A, B, and C516
are further modified by applying the same perturbation velocities u∗p
∣∣ξ
i=1,j,k
517
(Eq. 10) for three consecutive timesteps. This simple approach mimics the518
larger turbulent eddies prevalent in the convective ABL. The resulting sim-519
ulated entrainment process results in a better agreement of parametrization520
wind-turbine simulations of type A, B, and C with the corresponding ref-521
erence wind-turbine simulations. This modification is only applied in the522
daytime parametrization wind-turbine simulations, not in the transitional523
and stable simulations.524
6 Results525
In the following, the three types of wind-turbine simulations (benchmark, ref-526
erence, parametrization) are investigated in detail for the three ABL regimes527
(daytime, transition, nocturnal). The ultimate goal of the presented inter-528
comparisons is to verify the applicability of the parametrization for different529
thermal stratifications.530
The streamwise velocity component of the benchmark wind-turbine sim-531
ulations (in a), the reference wind-turbine simulations (in b), and the para-532
metrization wind-turbine simulations of type A (in c), B (in d), and C (in e)533
are displayed in the x− z plane in Figs. 4, 6, and 8 and in the x− y plane in534
Figs. 5, 7, and 9. Figures 4 and 5 represent the daytime ABL regime, Figs. 6535
and 7 the ABL of the transitional state, and Figs. 8 and 9 the nocturnal ABL536
regime.537
The general wake structure of the simulated streamwise velocity compo-538
nent of all simulations in Figs. 4− 9 reveals a deceleration of the flow right539
behind the rotor with a wind speed increase in radial and streamwise direc-540
tions, resulting from the entrainment of air with higher velocity values from the541
surrounding air flow. The upstream region differs for the convective ABL and542
the evening ABL in comparison to the stable ABL and the morning ABL due543
to the distinct differences in the profiles of the zonal upstream velocity com-544
ponent in Fig. 1a. In the following, all wind-turbine simulations corresponding545
to the same ABL regime are compared.546
6.1 Benchmark and reference wind-turbine simulations547
As first step, the reference wind-turbine simulations are compared to the548
benchmark wind-turbine simulations to investigate the impact of the para-549
metrization. Considering a stratification-dependent weighting αi∗,j,k of 1 in550
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Fig. 4 Daytime vertical cross-sections of ui,j0,k in m s
−1 for the benchmark wind-turbine
simulation in (a), the reference wind-turbine simulation in (b) and parametrization wind-
turbine simulations of type A, B, and C in (c), (d), and (e) respectively. The black contours
represent V Di,j0,k.
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Fig. 5 Daytime horizontal cross-sections of ui,j,kh in m s
−1 for the benchmark wind-turbine
simulation in (a), the reference wind-turbine simulation in (b) and parametrization wind-
turbine simulations of type A, B, and C in (c), (d), and (e) respectively. The black contours
represent V Di,j,kh .
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Fig. 6 Transitional vertical cross-sections of ui,j0,k in m s
−1 for the benchmark wind-
turbine simulation in (a), the reference wind-turbine simulation in (b) and parametrization
wind-turbine simulations of type A, B, and C in (c), (d), and (e) respectively. The black
contours represent V Di,j0,k.
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Fig. 7 Transitional horizontal cross-sections of ui,j,kh in m s
−1 for the benchmark wind-
turbine simulation in (a), the reference wind-turbine simulation in (b) and parametrization
wind-turbine simulations of type A, B, and C in (c), (d), and (e) respectively.The black
contours represent V Di,j,kh .
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Fig. 8 Night-time vertical cross-sections of ui,j0,k in m s
−1 for the benchmark wind-turbine
simulation in (a), the reference wind-turbine simulation in (b) and parametrization wind-
turbine simulations of type A, B, and C in (c), (d), and (e) respectively. The black contours
represent V Di,j0,k.
A numerically efficient parametrization of turbulent wind-turbine flows 23
Fig. 9 Night-time horizontal cross-sections of ui,j,kh in m s
−1 for the benchmark wind-
turbine simulation in (a), the reference wind-turbine simulation in (b) and parametrization
wind-turbine simulations of type A, B, and C in (c), (d), and (e) respectively. The black
contours represent V Di,j,kh .
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the parametrization results in an investigation of the impact of the turbu-551
lence preserving method on the wake characteristics by applying perturbation552
velocities from the diurnal-cycle precursor simulation instead of applying the553
synchronized timestep data as inflow condition. In addition, the impact of554
the approximated background wind profiles is contrasted with the horizontal555
averaged profiles.556
The wake structures between the reference and the benchmark wind-turbine557
simulations in Figs. 4 - 9a and b are quantitatively consistent. Especially for558
the transitional state, the agreement between the benchmark and the reference559
wind-turbine simulations is very good, whereas the wake recovers less rapidly560
during the day and more rapidly during the night. Further, there are differ-561
ences in the wake-deflection angle. These differences can be attributed to the562
simplifications. Both aspects are described in detail in the following:563
During the day, the less rapid recovery in the reference wind-turbine si-564
mulation results from the value of α0. A value of 0.5 instead of 0.7 for α0 de-565
creases the background turbulence. The absence of the lateral wake deflection566
(Fig. 5b) can be attributed to the modification of using the same perturbation567
velocities for three consecutive timesteps. This was tested in an additional568
simulation that do not apply the same perturbation velocity for three con-569
secutive timesteps. In this simulation, the streamwise wake extension was not570
completely conform with the benchmark wind-turbine simulation, however,571
the wake deflection was prevalent.572
In the transitional period, the wake recovery at a certain downstream po-573
sition is rather similar in the benchmark and in the reference wind-turbine574
simulations. The wake deflection from the benchmark wind-turbine simula-575
tion is also represented in the reference wind-turbine simulation. The smaller576
wake-deflection angle can be attributed to the stratification-dependent tur-577
bulent inflow method from Eq. 10 that uses the background turbulence of578
the evening ABL after t= 18 h in combination with α0 = 0.5 instead of syn-579
chronized diurnal-cycle data of the evening ABL from t= 18 h to 19 h, which580
exhibits a stronger northwards wind component approaching t= 19 h. Further-581
more, the representation of the wake deflection in the reference wind-turbine582
simulation also reinforces our above reasoning of the different wake-deflection583
angle during the day.584
During the night, the more rapid recovery in the reference wind-turbine585
simulation results from the relatively large value of α0 (0.5 instead of 0.3),586
which increases the background turbulence. Other differences during the night587
represent the profile of the upstream velocity component, especially close to588
the ground, the flow pattern below the wake in between 4D and 8D, and the589
upward bending of the wake with larger wind speed values between 6D and 8D590
(Fig. 8a and b). These differences can be related to a larger vertical gradient591
of the approximated ue and ve profiles with height (as shown in Fig. 1) in592
comparison to the stable ABL profile, which serves as background wind profile593
in the benchmark wind-turbine simulation. The approximated profiles further594
result in a larger veering of the wind, which causes a stronger wake deflection595
at hub height in the reference wind-turbine simulation (Fig. 9b).596
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Table 3 List of the velocity-deficit deviation between two wind-turbine simulations for the
day, the transition, and the night, as vertical and lateral average at a downstream position
of 4D. The nomenclature b corresponds to benchmark, r to reference, A, B, and C to
parametrization of type A, B, and C.
difference / % day transition night
slice vertical lateral vertical lateral vertical lateral
b− r 4.8 7.0 2.6 3.1 5.5 3.5
r −A 3.9 2.7 2.3 4.7 2.2 1.6
A−B 1.2 0.8 0.4 0.4 2.3 1.9
B − C 0.4 0.5 0.3 0.3 0.4 0.2
The velocity-deficit deviations of the reference wind-turbine simulation597
from the benchmark wind-turbine simulations are listed in Table 3 as (b - r)598
case for the day, the transition, and the night as vertical and lateral aver-599
ages at a downstream position of 4D, corresponding roughly to the transition600
between the near and the far wake region. The values are calculated as the601
difference of the velocity deficit from Eq. 5 between the benchmark (b) and602
the reference (r) wind-turbine simulations at 4D. At day and night, the values603
are roughly twice as large as in the transitional state. This corresponds to the604
less (more) rapid wake recovery during the day (night), which results from605
the value of α0, modifying the background turbulent intensity. The differences606
in the wake-deflection angle are represented by the lateral values. The largest607
value reflects the much larger difference in the wake-deflection angle during608
the day in comparison to the transitional and nocturnal situation.609
The presented comparison of the wake structures between the benchmark610
and the corresponding reference wind-turbine simulations reveal qualitatively611
and quantitatively consistent results for all three ABL regimes. The devia-612
tions can all be attributed to the applied simplifications in the reference wind-613
turbine simulation set-up. Consequently, the reference wind-turbine simula-614
tions are adequate representations of the benchmark wind-turbine simulations615
at day, in the transitional period, and at night. This enables us in the follow-616
ing to compare the parametrization wind-turbine simulations directly to the617
reference wind-turbine simulations, which is an important step towards the618
verification of the proposed parametrization.619
6.2 Reference wind-turbine simulations and parametrization wind-turbine620
simulations of type A621
As second step, the parametrization wind-turbine simulations of type A are622
compared to the reference wind-turbine simulations to investigate the coupled623
impact of stratification-dependent weightings in Eq. 11 (Eqs. 12-14) and the624
perturbation velocities, which now result from a neutral ABL precursor si-625
mulation. The wake structures between the reference and the parametrization626
wind-turbine simulations of type A in Figs. 4 - 9b and c are rather similar, with627
only minor differences:628
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During the day and in the transitional period, the wake recovery is slightly629
less rapid for the parametrization wind-turbine simulations of type A, whereas630
at night, the wake recovers slightly more rapid.631
The less rapid wake recovery during the day and the more rapid wake re-632
covery during the night can be related to the background turbulence, imposed633
by the perturbation velocities resulting from the neutral ABL precursor simu-634
lation via Eq. 10, which is stronger (weaker) than the background turbulence of635
the stable ABL (convective ABL) in the night-time (daytime) reference wind-636
turbine simulation (Fig. 2a - c), resulting in a more (less) rapid wake recovery637
during night (day).638
The contribution of the stable ABL and the convective ABL structure via639
the stratification-dependent weightings in Eq. 11 also accounts for the 3D640
turbulence structure. However, the impact on the wake structure is less pro-641
nounced than using the background turbulence of the corresponding diurnal-642
cycle regime (stable ABL, convective ABL) in the reference wind-turbine sim-643
ulations.644
The wake structure difference is less pronounced in the evening ABL in645
comparison to the convective ABL. The magnitude of the wind perturbations646
(Fig. 2) are rather similar for the evening ABL and the neutral ABL, corre-647
sponding to a similar background turbulence intensity imposed in the evening648
ABL parametrization wind-turbine simulation in comparison to the convective649
ABL parametrization wind-turbine simulations.650
Furthermore, the wake in the transitional period in Fig. 7c is no longer651
deflected. This effect is caused by the utilization of the evening ABL wind652
fields in combination with the neutral ABL wind fields, both contributing653
to the sustainment of background turbulence via the stratification-dependent654
weighting αi∗,j,k, instead of applying only the evening ABL data, as it is655
the case in the reference wind-turbine simulation. This consideration of the656
evening ABL characteristics via the stratification-dependent weighting αi∗,j,k657
does not reproduce the wake deflection to the same extent. The simulated658
lateral wake deflection of the night-time reference wind-turbine simulation659
(Fig. 9b), however, is presented in the parametrization wind-turbine simulation660
(Fig. 9c), as this deflection is related to the applied background wind profiles661
ue and ve from Eqs. 8 and 9.662
The velocity-deficit deviations of the parametrization wind-turbine simu-663
lations of type A from the reference wind-turbine simulations are listed in664
Table 3 as (r -A) for all regimes. In comparison to the (b - r) differences,665
the (r -A) values are in most cases much smaller (exception: lateral transi-666
tional slice). This is in agreement with the rather similar wake structures667
in comparison to the obvious wake structure differences between the bench-668
mark and the reference wind-turbine simulations. The relatively large lateral669
velocity-deficit-deviation value in the transitional regime can be attributed to670
the wake deflection difference between the reference wind-turbine simulation671
and the type A parametrization wind-turbine simulation as documented in672
Fig. 7b and c. This effect is much less pronounced in the daytime (Fig. 5b673
and c), and, especially, in the nocturnal regimes (Fig. 9b and c), reflected in674
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their corresponding lateral velocity-deficit-deviation values. Furthermore, the675
vertical value is larger during the day in comparison to the transitional period,676
resulting from the smaller neutral ABL background turbulence in comparison677
to the convective ABL background turbulence, whereas it is comparable to678
the evening ABL background turbulence. The vertical value at night is similar679
to the transitional one, even the wake recovers slightly more rapidly at night680
in comparison to the less rapid recovery in the transitional period. This same681
sign results from the use of absolute velocity-deficit values in the calculation682
of the averaged differences. However, as the tendency towards a more or less683
rapid recovery is persistent in the whole wake, the absolute values are verified.684
The comparison of the wake structures between the reference and the cor-685
responding parametrization wind-turbine simulations with function set of type686
A also reveals qualitatively and quantitatively consistent results for all three687
ABL regimes. The deviations can all be attributed to the usage of the flow688
field from the neutral ABL precursor simulation to sustain the background689
turbulence in combination with the stratification-dependent parameters.690
6.3 Parametrization wind-turbine simulations of type A, B, and C691
As third step, the parametrization wind-turbine simulations of type B (vertical692
profiles from Eq. 15) are compared to the type A parametrization wind-turbine693
simulations, which can be considered as the most precise parametrization wind-694
turbine simulations. Furthermore, the parametrization wind-turbine simula-695
tions of type C are compared to the type B parametrization wind-turbine696
simulations, to investigate the impact of the additional simplification of the697
stratification-dependent weighting αi∗,j,k to three scalar quantities. The wake698
structures between the parametrization wind-turbine simulations of type A699
and B are rather similar, only the extent of the wake recovery downstream of700
the wind turbine differs. In particular, the wake recovers more rapidly in the701
daytime regime and less rapidly in the night-time regime for parametrization702
type B. In the transitional regime, the difference is marginal. The less rapid703
recovery during the night can be related to the removal of horizontal variabil-704
ity provided by the three 3D matrices αi∗,j,k (Eq. 11) of type A in comparison705
to the three vertical 1D vectors of type B. The more rapid recovery during the706
day is contradictory to this explanation. However, it can be explained with707
the larger magnitude of uαk (three 1D vectors used in parametrization B) in708
comparison to uαi and uαj (not shown here).709
The deviation of the type B parametrization wind-turbine simulations from710
type A are listed in Table 3 as (A -B). The tendencies of the more or less711
rapid wake recovery during the day and the night result in similar sized ver-712
tical and lateral velocity-deficit-deviation values. Both transitional values are713
much smaller than the daytime or night-time values and are influenced by the714
marginal wake structure difference as shown in Figs. 6 and 7.715
The wake structure differences between the parametrization wind-turbine716
simulations of type B and C are only marginal in the x−y cross-section at hub717
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height, as the values αu, αv, and αw correspond to hub height values of uαk .718
In the x − z cross-sections through y0, the wake recovers slightly less rapidly719
at night. This can, again, be related to the removal of vertical gradients in720
the stratification-dependent weighting αi∗,j,k. In the transitional period and721
during the day, the differences are marginal.722
Furthermore, the deviations of type C parametrization wind-turbine sim-723
ulations from type B are listed in Table 3 as (B−C). The lateral and vertical724
velocity-deficit-deviation values are rather small for all regimes. This corre-725
sponds to the marginal differences between parametrization type B and C in726
Figs. 4 - 9. Small lateral values at hub height are expected, as the values αu,727
αv, and αw from the parametrization of type C are also hub height values.728
The small vertical values, however, indicate the feasibility of parametrization729
of type C to represent the stratification-dependent turbulent flow through a730
wind turbine.731
The comparison of the wake structures between the parametrization wind-732
turbine simulations of type A and type B and likewise of type B and type733
C reveal qualitatively and quantitatively consistent results for all three ABL734
regimes. The deviations can all be attributed to the simplifications applied to735
the stratification-dependent weightings αi∗,j,k.736
6.4 Streamwise velocity ratio and total turbulent intensity737
The parametrization effect on the streamwise velocity-ratio profiles V R from738
Eq. 5 and the total turbulence intensity profiles I from Eq. 6 are shown in739
Fig. 10 for the three ABL regimes. During the day, the V R profiles (in a)740
are almost overlapping for the reference wind-turbine simulation and for the741
parametrization wind-turbine simulations of type A, B, and C. In the transi-742
tional state (in c), a slightly less rapid wake recovery prevails, compared to the743
reference simulations. Care must be taken when interpreting the streamwise744
V R through the centre of the rotor at night (in e) because of the lateral wake745
deflection.746
Considering the profiles of I, the parametrization wind-turbine simulations747
of type A, B, and C are also in good agreement with the reference wind-turbine748
simulations for the day and the transitional state (in b and d). At night (in749
f), the values of I are slightly larger for the parametrization wind-turbine750
simulation of type A in comparison to type B and C, which correlates with751
the slightly more rapid wake recovery depicted in Figs. 8 and 9.752
Therefore, the modified turbulence preserving method results in a signifi-753
cant improvement of the profiles of V R and I, especially regarding the turbu-754
lent intensity. This conclusion is valid for the reference case as well as for all755
function sets applied for the stratification-dependent weightings αi∗,j,k.756
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Fig. 10 Streamwise dependency of V Ri,j0,kh in (a), (c), and (e) as well as Ii,j0,kh in (b),
(d) and (f) for all wind-turbine simulations representing the daytime situation in (a) and
(b), the transition in (c) and (d) and the night-time situation in (e) and (f). The subscript
’b’ corresponds to benchmark and ’r’ to reference.
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6.5 Summary757
The investigation of the numerical simulation results using the developed pa-758
rametrization reveals a good qualitative and quantitative agreement of type A,759
B, and C simulations with their corresponding reference wind-turbine simula-760
tions and also with the benchmark wind-turbine simulations. The only major761
limitation of the parametrization wind-turbine simulations is the too weak rep-762
resentation of the wake deflection in comparison to the reference wind-turbine763
simulations. This deviation is primarily related to the use of 3D wind fields of764
u, v, and w of the neutral ABL precursor simulation in stationary equilibrium.765
Type C is the most simple and most effective parametrization that shows766
very small velocity-deficit deviations. The velocity-deficit-deviation values from767
Table 3 are calculated at a downstream position of 4D. A velocity-deficit-768
deviation calculation considering the complete downstream region decreases769
the absolute deviation values. However, the same relative velocity-deficit de-770
viation persists. Therefore, the vertical and lateral values at 4D are suitable771
as representations of the whole wake, reinforcing the preference of the para-772
metrization with function set C.773
This simple parametrization with function set of type C results in numer-774
ically very efficient wind-turbine simulations for different thermal stratifica-775
tions. The only requirements are 3D wind fields of u, v, and w of a neutral776
ABL precursor simulation, stratification-dependent values αu, αv, and αw, and777
appropriate background wind profiles ue, ve, and we.778
Our proposed approach to simulate stratification-dependent wind-turbine779
flow by LES reduces the computational costs from 14 days, required for one780
diurnal-cycle simulation of the idealized ABL and the corresponding four781
benchmark wind-turbine simulations, to less than one hour, each time per-782
formed on 256 Intel Xeon E5-2697 v3 threads at 2.6 GHz.783
Summarizing these results, it can be state that due to the simplicity of784
providing stratification-dependent turbulent inflow fields from Englberger and785
Do¨rnbrack (2017b) in a modified version of the turbulence preserving method786
(Englberger and Do¨rnbrack, 2017a), our parametrization results in a compu-787
tationally fast, simple, and efficient tool for analyzing the wake characteristics788
of a wind turbine in a turbulent ABL flow under different thermal stratifica-789
tions. Further, it can be used as simplification for many different applications790
e.g. individual wake characteristics, optimized wind-farm set-ups, providing an791
alternative and fast testbed for stratification-dependent LES of wind-turbine792
wakes compared to complete diurnal-cycle simulations and the correspond-793
ing synchronized wind-turbine simulations, which requires turbulence data as794
input at each timestep.795
7 Conclusion796
The wake characteristics of a wind turbine in a turbulent ABL flow were inves-797
tigated by means of large-eddy simulation for different thermal stratifications.798
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Therefore, a modified version of the turbulence preserving method from En-799
glberger and Do¨rnbrack (2017a) was developed and applied.800
The consideration of three wind fields of u, v, and w of a neutral ABL801
precursor simulation, a stratification-dependent weighting, and appropriate802
background wind profiles made this approach applicable for various atmo-803
spheric conditions occurring throughout the course of a day. Only the three804
wind fields of an equilibrium neutral ABL state sustain the turbulent inflow in805
wind-turbine simulations with open horizontal boundary conditions, making it806
a simple and computationally fast approach. The additional consideration of807
the stratification-dependent weighting in combination with appropriate back-808
ground wind profiles, further, makes it a numerically effective approach, which809
is able to accounts for different atmospheric conditions. The simplest func-810
tion set (type C) of the stratification-dependent parameters consists of only811
three values αu, αv, and αw. Surprisingly, these three scalars are sufficient812
to reproduce the atmospheric daytime, transition, and night-time situation of813
the synchronized diurnal-cycle benchmark wind-turbine simulations. With the814
simplest approach, no diurnal-cycle precursor simulation is needed, the values815
αu, αv, and αw can be approximated for different atmospheric situations by816
taking the values as suggested in this work. This reduces the computational817
costs by a factor of O(102), still providing a sufficient approximation of the818
expected wake structure. The parametrization further offers a suitable testbed819
for extensive sensitivity studies using a large range of parameters, like differ-820
ent rotor configurations, different subgrid-scale models, different atmospheric821
conditions, ranging from very stable, to stable, to near-neutral, to convective,822
to very convective (by varying αu, αv, and αw), or different background wind823
profiles (by varying the fit used for ue, ve, and we) and can be applied to de-824
velop appropriate wind-farm set-ups in the future. All applications are aiming825
at maximizing the power production and minimizing the fatigue loading.826
The representation of all atmospheric states is crucial for studying the in-827
teraction of the ABL flow with a wind turbine. Especially, if we take into828
account that the near-neutral stratification of the transitional period, which829
was used in most of previous numerical wind-turbine studies, occurs for ex-830
ample only with a frequency of roughly 10 % according to data from the field831
experiment SWiFT (Facility Representation and Preparedness; 730 days of832
measurement in the period from 2012 to 2014) (Kelley and Ennis, 2016). Our833
proposed parametrization of the stratification-dependent turbulent inflow, de-834
veloped and tested in this paper, offers a simple, numerically efficient, and835
computationally fast large-eddy simulation approach, which meets these re-836
quirements.837
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Appendix 1: Precursor simulations846
Neutral atmospheric boundary-layer precursor simulation847
In the neutral ABL precursor simulation (Englberger and Do¨rnbrack, 2017a),848
performed with periodic horizontal boundary conditions, an additional forcing849
−u2∗/H was applied for the zonal wind component u of Eq. 1 to drive the neu-850
tral ABL flow, by using a friction velocity u∗ = 0.4 m s−1 and H corresponding851
to the height of the computational domain. The initial wind speed was set to852
zero, and the drag coefficient in the surface parametrization was set to 0.1.853
A more detailed description of this neutral ABL precursor simulation can be854
found in Englberger and Do¨rnbrack (2017a).855
Diurnal-cycle precursor simulation856
The idealized diurnal-cycle simulation (Englberger and Do¨rnbrack, 2017b) of-857
fers the convective ABL, the evening ABL, the stable ABL, and the morning858
ABL as representatives for different atmospheric situations that occur in the859
course of a day. It was performed over homogeneous surface with periodic hor-860
izontal boundary conditions on 512 × 512 grid points in the horizontal with a861
resolution of 5 m. The domain height was 2 km with a vertical resolution of 5 m862
in the lowest 200 m, 10 m up to 800 m, and 20 m approaching the domain top.863
The simulation was initialised with a geostrophic wind of u=ue = 10 m s
−1
864
in zonal (east - west, streamwise) direction and zero for the meridional (north -865
south, spanwise, lateral) (v= ve = 0) and vertical (w=we = 0) wind compo-866
nents. The initial potential temperature of 300 K was constant up to 1 km and867
increased linearly with height above according to a lapse rate of 10 K km−1.868
The prescribed temporal evolution of the sensible heat flux used in the dry869
idealized ABL simulation at the surface corresponds to the square of a sinus870
profile at day with a maximum of 140 W m−2 at noon and a constant flux871
of −10 W m−2 during the night. A more detailed description of this idealized872
diurnal-cycle simulation can be found in Englberger and Do¨rnbrack (2017b).873
Wind-field structure874
Snapshots of the instantaneous wind fields u, v, and w of the neutral ABL875
precursor simulation, as well as of the convective ABL, the evening ABL,876
the stable ABL, and the morning ABL regimes of the idealized diurnal-cycle877
simulation, are presented in Fig. 11, with the following characteristics:878
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The neutral ABL exhibits a shallow ABL with low vertical wind speeds.879
In the convective ABL, the ABL reaches higher altitudes with significant hor-880
izontal and vertical winds. Further, the boundary-layer flow consists of larger881
turbulent eddies in comparison to the other stratifications, which results from882
the maximum of positive buoyancy, induced by the surface heat flux. In the883
evening ABL, the convective updrafts as well as the horizontal wind weakens.884
In the stable ABL, a low-level jet starts to develop with a wind turning with885
height and no significant vertical wind. The situation in the morning ABL is886
very similar to the stable ABL with an intensification of the low-level jet.887
Derivation of background wind profiles888
From the five characteristic states of the neutral ABL, the convective ABL, the889
evening ABL, the stable ABL, and the morning ABL, respectively, horizontal890
means of u and v can be calculated (Fig. 1a and b). The zonal and meridional891
background wind fields of the convective ABL and the evening ABL are fun-892
damentally different in comparison to the stable ABL and the morning ABL.893
In the convective ABL and in the evening ABL, the vertical wind shear of the894
zonal wind is rather small above the ground and the meridional wind is nearly895
zero. In the stable ABL and in the morning ABL, the vertical wind shear of896
the zonal and meridional wind is very pronounced, with a supergeostrophic897
wind maximum prevailing in the morning ABL. The different profiles of the898
stable ABL and the morning ABL (in contrast to the convective ABL and899
the evening ABL) are influenced by the Coriolis force, which dominates the900
buoyancy effects at night and results in the Ekman spiral. A more detailed901
description of the convective ABL, the evening ABL, the stable ABL, and the902
morning ABL wind conditions are given in Englberger and Do¨rnbrack (2017b).903
Fits on these vertical profiles (Fig. 1a and b) are used as background wind pro-904
files (ue, ve) for the wind-turbine simulations, performed with the proposed905
parametrization. The applied fits are listed in Sect. 3 for a daytime (convective906
ABL, evening ABL) and a night-time (stable ABL, morning ABL) situation.907
Appendix 2: Turbulence Preserving Method908
Original version909
The original version of the turbulence preserving method imposes extracted910
velocity perturbations from a neutral ABL precursor simulation as an addi-911
tional force in the whole computational domain. The perturbation velocities912
u∗p
∣∣ξ
i,j,k
were extracted from the neutral ABL precursor simulation according913
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to914
u∗p
∣∣ξ
i,j,k
= αβ
up∣∣i∗,j,k − 1nm
n∑
i=1
m∑
j=1
up
∣∣
i,j,k︸ ︷︷ ︸
II

︸ ︷︷ ︸
I
, (16)
where up
∣∣
i∗,j,k is the velocity vector of a neutral ABL equilibrium state and915
the term II in Eq. 16 denotes the horizontal average of the mean value of the916
corresponding wind component at each grid point i, j, and k. The indices of917
the grid points are denoted by i= 1 . . . n, j= 1 . . . m, and k= 1 . . . l in the918
x, y, and z directions, respectively.919
The perturbation velocities from Eq. 16 modify the velocity field of the920
wind-turbine simulation u
∣∣ξ
i,j,k
at the initial timestep ξ= 0 and at each follow-921
ing timestep ξ. The values up
∣∣
i∗,j,k of the precursor simulation were shifted922
in the streamwise direction by one grid point every timestep ξ, symbolized923
by i∗ = i+ ξ∗, with i∗ ∈ [1, n] and ξ∗ representing the number of timesteps924
since the start of the simulation. Furthermore, the difference as denoted by925
I in Eq. 16 was multiplied with a random number β ranging from −0.5 to926
0.5. Both, the grid point shift and the random number multiplication, were927
necessary to only apply the spectral energy distribution of the precursor si-928
mulation instead of impressing individual flow patterns onto the wind-turbine929
simulation. To account for different magnitudes of the background turbulence,930
the term I in Eq. 16 was additionally multiplied by a factor α, representing931
the amplitude of the turbulence perturbations. Numerical simulations of the932
turbulent flow through a wind turbine performed with this original version of933
the turbulence preserving method in Englberger and Do¨rnbrack (2017a) re-934
sulted in realistic wake structures, which were quantitatively comparable with935
observations and other numerical simulation results.936
Modified version937
A comparison of the streamwise velocity ratio V Ri,j0,kh and the turbulent938
intensity Ii,j0,kh between wind-turbine simulations performed with the origi-939
nal version of the turbulence preserving method for α= 1 (B 1), α= 5 (B 5),940
and α= 10 (B 10) from Englberger and Do¨rnbrack (2017a) and synchronized941
diurnal-cycle wind-turbine simulations for the convective ABL, the evening942
ABL, the stable ABL, and the morning ABL regime from Englberger and943
Do¨rnbrack (2017b) is shown in Fig. 12.944
The velocity ratio is comparable to the values of the stable ABL and945
the morning ABL wind-turbine simulations for α= 1 (simulation B 1). For946
α= 5, the values of simulation B 5 are comparable to the evening ABL wind-947
turbine simulation and for α= 10 (simulation B 10) to the convective ABL948
wind-turbine simulation. The V Ri,j0,kh -gradient of the wake recovery is only949
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slightly smaller in the near wake (x≤ 5D). The turbulent intensities for all950
synchronized wind-turbine simulations compare quantitatively very well with951
the B 1 simulation with α= 1. However, for α= 5 and α= 10, the turbulent952
intensities of simulations B 5 and B 10 are too large in comparison to all syn-953
chronized diurnal-cycle wind-turbine simulations. The pronounced deviations954
of the base case simulations (B 1, B 5, B 10) from the synchronized ones call955
for an optimization of the original version of the turbulence preserving method,956
which considers the dependence of the thermal stratification of the ABL in a957
new, modified version.958
Various tests studying the sensitivity of the numerical results to the choice959
of α · β revealed that the random number β, impressed at every timestep in960
the whole domain, destroys the energy spectra of the neutral ABL and there-961
fore the turbulence structure included in I, resulting in a synthetic turbulence962
structure with different amplitudes of the turbulence in B 1, B 5, and B 10.963
This problem has been solved in the modified version of the turbulence pre-964
serving method by eliminating β, resulting in a more rapid wake recovery and965
smaller values of the turbulent intensity for increasing α. This was shown in966
Sect. 6.967
In addition, the factor α from Eq. 16 has been adapted in the new, modi-968
fied version of the turbulence preserving method: We apply an adjustable value969
α0, which is adjusted to compare the synchronized diurnal-cycle wind-turbine970
simulations from Englberger and Do¨rnbrack (2017b) and the wind-turbine971
simulations performed herein. In more general applications of this approach972
(e.g. no resimulation of a certain situation), α0 can be set to 1. To account973
for the different atmospheric states during the diurnal cycle, we further apply974
stratification-dependent weighting parameters αi,j,k, which represent the mag-975
nitude of the velocity perturbations. Their values are extracted from the cor-976
responding situation of the diurnal-cycle simulation over homogeneous surface977
from Englberger and Do¨rnbrack (2017b). The modification of the turbulence978
preserving method from Eq. 16 can be summarized as979
u∗p
∣∣ξ
i=1,j,k
= α0αi∗,j,k
up∣∣i∗,j,k − 1nm
n∑
i=1
m∑
j=1
up
∣∣
i,j,k

︸ ︷︷ ︸
I
. (17)
The term inside the brackets of Eq. 17 corresponds to I in Eq. 16. Furthermore,980
by changing the parametrization to a stability-dependent inflow condition,981
the perturbation velocities u∗p
∣∣ξ
i=1,j,k
are only applied at the first grid point982
in x−direction. This modification was necessary, as a permanent impression983
of the perturbation velocities in the whole domain resulted in large positive984
and negative tendencies, which were compensated in the original version of the985
turbulence preserving method in Eq. 16 by the imposed randomness through β.986
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Fig. 11 Vertical cross-sections at y0 of u, v, and w for the neutral ABL equilibrium state
(NBL, first row) of the precursor simulation in Englberger and Do¨rnbrack (2017a), the
convective ABL state at t= 12 h (CBL, second row), the evening ABL state at t= 18 h
(EBL, third row), the stable ABL state at t= 24 h (SBL, fourth row), and the morning ABL
state at t= 29 h (MBL, fifth row) of the idealized diurnal-cycle simulation in Englberger
and Do¨rnbrack (2017b).
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Fig. 12 A comparison of the streamwise dependency of V Ri,j0,kh in (a), and Ii,j0,kh in (b)
between the wind-turbine simulations performed with the original version of the turbulence
preserving model for α= 1, α= 5, and α= 10, and the convective ABL (CBL), the evening
ABL (EBL), the stable ABL (SBL), and the morning ABL (MBL) situation resulting from
the diurnal-cycle simulation of Englberger and Do¨rnbrack (2017b).
